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Abstract. In the present paper we give condition for a half-lightlike hyper- 
surfaces of i?2 to have degenerate or non-degenerate planar normal sections. 



1. Introduction 

Surfaces with planar normal sections in Euclidean spaces were first studied by 
Bang- Yen Chen [6]. In [7], Y. H. Kim initiated the study of semi-Riemannian 
setting of such surfaces. Both authors obtained similar results in these spaces. But 
as far as we know, half-lightlike submanifold with planar normal sections have not 
been studied so far. In this paper we study half-lightlike hypersurfaces with planar 
normal sections in 

Let Af be a hypersurface in For a point p in M and a lightlike vector 

^ tangent to M at p which span radical distribution, the vector ^ and transversal 
space tr{TM) to M at p determine a 2- dimensional subspace E{j), ^) in through 
p. The intersection of M and E{p, ^) gives a lightlike curve 7 in a neighborhood 
of p, which is called the normal section of M at the point p in the direction of 
^. Let w be a spacelike vector tangent to M at p (ti G S{TM)). Then the vector 
w and transversal space tr(TM) to M at p determine a 2- dimensional subspace 
v) in i?2 through p. In this case, the intersection of M and E{p^ v) gives a 
spacelike curve 7 in a neighborhood of p which is called the normal section of M 
at p in the direction of v. According to both situation given above, M is said to 
have degenerate pointwise and non-degenerate pointwise planar normal sections, 
respectively if each normal section 7 at p satisfies 7' A 7" A 7"' = [5] , [5] ; [i] ; [S] ■ 

2. Preliminaries 

Let (M, 5) be an (m -1- 2)-dimensional semi-Riemannian manifold of index q> 1 
and {M,g) a lightlike submanifold of codimension 2 of M. Since g is degenerate, 
there exists locally a vector field ^ G F (TM). Then, for each tangent space T^M 
we consider 

T.,M^ = {u e T^M : g (u, v) = 0, € T^M) 

which is a degenerate 2-codimensional subspace of T^M. Since M is lightlike, both 
TxM and T^M-^ are degenerate orthogonal subspaces but no longer complementary. 
In this case the dimension of RadT^M = T^M Ci T^M-^ depends on the point 
X S M. We denote the radical distribution of a lightlike submanifold by RadTM. 
Then there exists a complementary non-degenerate distribution S{TM) to RadTM 
in TM, called a screen distribution of M, with the orthogonal distribution 

TM = RadTM ®orth S{TM). 
1 
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Definition 2.1. The submanifold {M, g, S{TM)) is called a half-lightlike subman- 
ifold if dmi{RadT M) = 1. The term half-lightlike has been used since for this 
class (TM) is half lightlike. On the other hand, if dhn^RadT M) — 2, then, 
RadTM = (TM)^ and {AI,g,S{TM)) is called a co-isotropic submanifold. In 
this section, we present results on half-lightlike submanifolds for which there exist 
£,,u G TxM^ such that 

The above relations imply that ^ S T^M , so € RadTr^M. Therefore, locally there 
exists a lightlike vector field ^ on M such that 

g{C,X) = g{^,u)^0, yXeViTM), ueT{TM^). 

Thus, the 1-dimensional RadTM of a half-lightlike submanifold M is locally spanned 
by S,. In this case there exists a supplementary distribution S{TM) to RadTM in 
TM. Next, consider the orthogonal complementary distribution S{TM^) to S{TM) 
in TM. Certainly ^ and u belong to T {^S{TM)^^ . From now on, we choose u as a 
unit vector field and put 

g{u,u) = e 

where e = ±1. Since RadTM is a 1-dimensional vector sub-bundle of TM-^ we 
may consider a supplementary distribution D to RadTM such that it is locally 
represented by u. We call D a screen transversal bundle of M . Hence we have the 
orthogonal decomposition 

S{TM)^ LD^, 

where is orthogonal complementary distribution to D in S{TM)^. Taking into 
account that is non-degenerate and ^ G r(_D^), there exists a unique locally 
defined vector field iV G F (i*^) , satisfying 

(2.1) g(iV,O^0, giN,N)=giN,u) = 

if and only if N is given by 

such that g (^, V) 7^ 0. Here, F is a complementary vector bundle of RadTM in . 
Hence N is a lightlike vector field which is neither tangent to M nor collinear with 
u since g (u, ^) 0. If we choose ^* — on another neighborhood of coordinates, 
then we obtain N* = ^N. Thus we say that the vector bundle tr{TM) defined over 
M by 

tr{TM)=D (Berth Itr{TM), 
where Itr(TM) is a 1-dimensional vector bundle locally represented by N, is the 
lightlike transversal bundle of M with respect to the screen distribution S{TM). 
Therefore, 

TM = SiTM) _L {RadTM © tr {TM)) 
(2.3) = S{TM) ±D ± {RadTM ® Itr{TM)) 

as per decomposition 112.3]) . choose the field of frames Fi, Fm-i} and Fi, Fm-i,u, N} 

on M and M respectively, where {Fi, Fm-i} is an orthonormal basis ofT {S{TM)) 

i- 
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Denote by P the projection of TM on S{TM) with respect to the decomposition 
()2.3p then we write 

X = PX + ri{X)S^, VX G r {TM) , 

where ry is a local differential l-form on M defined by ry {X) — g {X, N) . Suppose 
V is the metric connection on M. Since {£,, N} is locally a pair of lightlike sections 
on i7 C M, we define symmetric F (M)-bilinear forms Di and D2 and 1-forms 
pi,P2,£i and £2 on U. Using ()2.3|) . we put 

(2.4) VxY = WxY + Di(X,Y)N + D2{X,Y)u 

(2.5) VxN = -AnX + piiX)N + p2{X)u 

(2.6) Wxu = -AuX + ei(X)N + e2{X)u 

for any X,Y eV (TM) , where VxY, AmX and A^X belong to T (TM). We called 
Di and -D2 the lightlike second fundamental form and screen second fundamental 
form of M with respect to tr{TM) respectively. Both Ajv and A^ are linear oper- 
ators on r (TM). The first one is F {S (rM))-valued, called the shape operator of 
M. Since w is a unit vector field, (j2.6|) implies 62 {X) = 0. In a similar way, since ^ 
and N are lightlike vector fields, from (j2.4|) - (|2.6|) we obtain 



(2.7) D,{X,0 = 0, 

(2.8) giANX.N) = 0, 

(2.9) g{AuX,Y) = eD2{X,Y) + ei{X)T]{Y) 

(2.10) ei{X) = -eD2{X,0, VX e T (TM) 
Next, consider the decomposition (|2.3p then we have 

(2.11) Vx^'i' = V*xPY + Ei{X,PY)^ 

(2.12) Vx^ - -A^X + uiiX)^ 

where V^^^Py and belong to T {S{TM)) . A^is a linear operator on T (TM) 



and V* is a metric connection on S{TM). We call Ei the local second fundamental 
form of S{TM) with to respect to Rad{TM) and A| the shape operator of the 
screen distribution. The geometric object from Gauss and Weingarten equations 
(f2^ - ([2^ on one side and ([2lT] V (|2?T2l) on the other side are related by 

(2.13) EiiX,PY) = g{ANX,PY), 

(2.14) D,{X,PY) = g{AlX,PY), 

u,iX) = ~pi{X), 
for any X,Y {TM). From ^11^ and (ITTi)) we derive 

(2.15) AJ^ = 0. 

A half-lightlike submanifold (M, g) of a semi-Riemannian manifold (M, g) is said 
to be totally umbilical in M if there is a normal vector field Z G F (ir (TM)) on 
M , called an affine normal curvature vector field of Af , such that 

h{X, Y) = Di {X, Y)N + D2 {X, Y)u = Zg {X, Y) , \/X,Y eV (TM) . 

In particular, {M,g) is said to be totally geodesic if its second fundamental form 
h{X, y) = for any X,Y G T {TM). By direct calculation it is easy to see that M is 
totally geodesic if and only if both the lightlike and the screen second fundamental 
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tensors Di and D2 respectively vanish on M. Moreover, from p.Sp . (|2.9|) . (|2.10p 
and (|2.14|) we obtain 

= Au = ei = p2 = 0. 

The notion of screen locally conformal half-lightlike submanifolds has been intro- 
duced by Duggal-Sahin |4 as follows. 

Definition 2.2. A half-lightlike submanifold M , of a semi-Riemannian manifold, 
is called screen locally conformal if on any coordinate neighborhood U there exists 
a non-zero smooth function (p such that for any null vector field ^ € F (TAf-*-) the 
relation 

(2.16) AnX = ipA^X, yx eT {TM\u) 

holds between the shape operators Ajq and A*^ of M and S{TM) respectively^. 

On the other hand the notion of minimal lightlike submanifolds has been defined 
by Bejancu-Duggal as follows. 

Definition 2.3. Let M be a half-lightlike submanifold of a semi-Riemannian mani- 
fold M . Then, we say that M is a minimal half-lightlike submanifold if (tr \s{tm) h = 
and £1 {X) — 0. 

Definition 2.4. A half-lightlike submanifold M is said to be irrotational if V xS, G 
r (TM) for any X eT (TM), where ^ G T (RadTM)^. 

For a half-lightlike M, since Di (X,£^) — 0, the above definition is equivalent to 

D2 [x, = = £1 (X) , vx e r (TM). 

Corollary 2.1. Let M be an irrotational screen conformal half-lightlike submani- 
fold of a semi-Riemannian manifold M . Then 

1. M is totally geodesic, 

2. M is totally umbilical, 

3. M is minimal, 

if and only if a leaf M' of any S(TM) is so immersed as a submanifold of M[4]. 



3. Planar normal sections of half-lightlike hypersurfaces in i?| 

In this section we consider half-lightlike submanifolds having planar normal sec- 
tion. First, we consider degenerate planar normal sections. 

3.1. Degenerate Planar Normal Section in Half-Lightlike Hypersurfaces. 

Let M be a half- light like hypersurface in Now we investigate the con- 
ditions for a half-lightlike hypersurface of to have degenerate planar normal 
sections. 

Theorem 3.1. Let M be a half-lightlike hypersurface in Then M has planar 
normal sections if and only if 

(3.1) i?2(C,O"AV^i?2(^,O" = 

where D2 is the screen second fundamental form of M. 
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Proof. If 7 is a null curve, for a point p in M, we have 

(3.2) 7'(s) = t 

(3.3) j"{s) = V4e = Vee + i?2(e,e)", 

(3.4) 7"'(s) = V^V4C + i?2(VeC,0« 

+e (^2 (C, 0) « + ^2 (e, (-^«^ + £1 (0 ^) • 
From the definition of planar normal section and using Rad{TM) ~ Sp , we get 

(3.5) V^C AC = and V^VjCAC = 0. 
Assume that M has planar degenerate normal sections. Then 

(3.6) 7"' (s) A 7" (s) A 7' (s) = 0. 

Thus, by using ([321)- ([33]) in dXH) one can see that D2 " and D2 (V^^, ^)u + 
C (^2 (C, 0) u- D2 (C, + D2 (C, ei (0 ^ are linearly dependent. Taking 
covariant derivative of D2 {S,, f) u we obtain 

(i?2 (e, «) = ? (^2 (e, 0) U'D2 (e, A„c + D2 (e, £1 (0 ^ 

where 7 is assumed to be parameterized by distinguished parameter. Hence we get 

D2 (^,0^AV^i?2 (^,O" = 0. 
Conversely, assume that D2 (^, C) uA\i'^D2 (^, £,)u ~ for degenerate tangent vector 
^ of M at p. In this case, either D2 (C, " = or ^^£'2 (C, = 0. If ^2 (^, C) " = 
0, then M is totally geodesic in M and M is totally umbilical. Thus, we obtain 

7' (5) = c, 

(3.7) 7"(s) = "i(Oe, 

7"'(s) = V5V^f = ^(ui(00+«?(0e 
which give that M has degenerate planar normal sections. On the other hand if 
V^I?2 {£,, 0"^ — ^1 then M is screen conformal. Hence we have 

7"' (s) A 7" (s) A 7' (s) = e A i?2 (e, " A vei^2 (e, C) u = 0. 

□ 

Now we define a function 

Lp : RadTpM R, 

e ip(c) = ^2(e,0e 

where p e M and 7 (0) = p. If Lp (^) = Z?^ (^, e = 0> then we obtain D2 (C, = ^ 
and £1 (0 = 0. From dSTT]) we find 7"' (s) A 7" (s) A 7' (s) = 0. Hence, M has 
degenerate planar normal sections. 

We say that the curve 7 has a vertex at the point p if the curvature k of 7 

satisfies '^^^j^^ = and = (7" (s) , 7" (s)) . Now let M has degenerate planar 
normal sections. Then Lp — 0, and so D2 {£,,0 = 0. Hence, we get 

h{^,0 = i?2(e,C)" = 0, 

(V5/i)(e,0 = 

which give Vh — 0. Moreover, we have 

(5) = (7"(s),7"(s))=0 
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for any p g M. 

Consequently, we have the following result. 

Theorem 3.2. Let M he a half -lightlike hypersurface in R\ with degenerate planar 
normal sections such that 

Lp : RadTpM ~> R, 

where p G M. Then the following statements are equivalent 

(1) D2 (C,O=0, 

(2) (v^h) (e,e) = o, 

(3) Vh = 0, 

(4) For any p G M, k = 0. 

Now, let a half-lightlike hypersurface M of i?2 has degenerate planar normal 
sections. Then for null vector ^ G RadTM, we have 

(3.8) V,.e ^ 

where ^ = 7' (s), namely, the normal section 7 is not a geodesic arc on a sufhciently 
small neighborhood of p. Then from p.2p - p.4p we write 

7"'(s) = a(s)7"(s)+fe(s)7'(s). 
where, a and b are differentiable functions for all p G M. Hence, we get D2 {£,, £,) — 
ei (0 = 0. 

Consequently, we have the following 

Theorem 3.3. Let a half-lightlike hypersurface M in i?2 has degenerate planar 
normal sections. If the normal section 7 at for any p is not a geodesic arc on a 
sufficiently small neighborhood of p, then D2 ~ at RadTM. 

Next, assume that 7 is parameterized by distinguish, namely, 7 is a geodesic arc 
on a small neighborhood of p = 7 (0), i.e., V^^ = 0. Thus, from ui (^) = pi (^) — 0, 
we obtain 

7'(0) - 

(3.9) 7"(0) = D2i(,0u, 

7"'(0) - aD2{^,0)u-D2iCA)A^^-eDl{^,C)N, 

^iD2iC,0u = aD2{^,0)u~D2{C,0Au^-eDli^,0N. 

Now, let suppose that M has degenerate planar normal sections at 7 (0) — p. Since 
7 lies in plane through p spanned by ^ and {N, u}, we write 

(3.10) j{s) ^p + a{s)^-hb{s)N -hc{s)u 

for some functions a, b and c . Thus, from p.9p and p.lOp . we obtain 

(3.11) 7"' (s) = a'" (s) e + 6"' (s) N + c'" (s) u = V^7^2 
We calculate 

(3.12) = eD2itOD2iw,0- 
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From the symmetry of bihnear forms Di and D2 at F (TM) , we obtain 
{hi^,0,h{^,w)) = (/i(e,e),V4u;)-(/i(e,C),V5«;) 

= - {a'" (s) e + b'" (s) N + c'" (s) u, w) 

(3.13) = 0. 

Thus, from ((Hl^ and ^J^, we get D2 = at F (TM) . Furthermore, from V„,^ G 
F (TM) , (^ e RadTM and w G F (TM)), we see that M is irrotational. 
Then we have the following result. 

Theorem 3.4. Let M be a half-lightlike hypersurface of with degenerate pla- 
nar normal sections. If the normal section 7 at for any p is a geodesic arc on a 
sufficiently small neighborhood of p, then M is irrotational. 

Let M be a half-lightlike hypersurface in R2 with degenerate planar normal 
sections. Since 7 is a planar curve we write 

7"' {s) = a{s)j"{s)-^b{s)j'{s). 
where, a and b are differentiable functions for all p G M.Then p.7p gives 
ais) = 7.i(C)+e(ln(D2(^,C))), 

b{s) = a«i(e))-^2(c,e)P2(e)e-wi(e)ain(i?2(e,o))- 

Moreover, we have ek^ (s) = (7" (s) , 7" (s)) — for any p ^ M which gives 
D2 (C, = £1 iO = 0- Thus, we obtain 

7"' (5) = «?(?)e + ^il(0^2(e,C)" 

(3.14) +e(ln(i?2(?,e)))^2(C,0« 

+e(Mi (0)e-e^2(e,c)P2 (oe 

and 

(3.15) A„e = ep2(0e 
Namely, 

Corollary 3.1. Let M be a half-lightlike hypersurface of R\ with degenerate planar 
normal sections,then A^C, is RadT M -valued 

Now, from p.l4p and p.lSp . we obtain 

{^ih){to = ain(i?2(c,e)))^2(?,e)« 

(3.16) -eD2{^, 0P2 (0 e - 2^.1 (0 D^i^, 0^ 

Let M be a half-lightlike hypersurface of _R| with degenerate planar normal sections. 
If the normal section 7 at for any p is not a geodesic arc on a sufficiently small 
neighborhood of p, then we obtain 

(3.17) I?2(?,O"A(V^/i)(C,O-0. 

Conversely, we assume that the eq. p.l7p is satisfied for any degenerate tangent 
vector ^ of M. Then either T'2(C,C)u = or (V^/i) (^,0 = 0. If -D2(?,C)" = 0, 
then from Theorem 13. 1[ we see that M has degenerate planar normal sections. On 
the other hand, if (V^/i) {£,,£,) = 0, then, by considering p.Sp . we obtain 

7'" (s) A 7" (s) A 7' (s) = C A Z?2(C, 0^ A (V^/i) (e, = 0. 
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Consequently, we have the fohowing, 

Theorem 3.5. Let M be half-lightlike hypersurface of i?| such that the normal 
section 7 (s) at for any p is not a geodesic arc on a sufficiently small neighborhood 
of p. Then half-lightlike hypersurface M has planar normal sections if and only if 
US. 17^ is satisfied. 

Now, let the normal section 7 is a geodesic arc on a sufficiently small neigh- 
borhood of p, namely, V^^ — — ui {^) . Since M has degenerate planar normal 
sections, we obtain 

7"' (s)A7" (s)A7' is) = {^AD2it OuhD^ A^0+i^^D2{^, {t £1 iO N). 

From corollar-s <3.1[ we have D2 {£,, — ^1 (C) — 0- 

Thus we have the following result. 

Theorem 3.6. Let M has degenerate planar normal sections half-lightlike hyper- 
surface of R\. The normal section 7 at for any p is a geodesic arc on a sufficiently 
small neighborhood of p. Then D2{S,,£,) — ^ or ei {£,) — 0. 

Let M be a screen conformal half-lightlike hypersurface of i?|(c) with degenerate 
planar normal sections. We denote Riemann curvature tensor of M and M by 
and i?, the following formula is well known, 

R{X,Y)Z = R{X,Y)Z + Di{X,Z)AnY 

-Di{Y, Z)AnX + D2{X, Z)AuY - D2{Y, Z)AuX 

+{{'^xDi){Y, Z) - [VyDi) {X, Z) 

(3.18) +pi {X) Di{Y, Z) - pi (y) Di{X, Z) 
+ei {X) D2{Y, Z) - ei {Y) D2{X, Z)}N 
+{{^xD2){Y, Z) - (Vyl?2) {X, Z) 
+P2 {X) Di{Y, Z) - p2 {Y) Di{X, Z)}u. 

Hence we have 

g{R{X,Y)Z,PW) = ^[Di{X,Z)Di{Y,PW)^Di{Y,Z)Di{X,PW)] 

(3.19) +e [D2{X, Z)D2{Y, PW) - D2{Y, Z)D2{X, PW)] . 

Let p ^ M and ^ be a null vector of TpM. A plane H oiTpM is called a null plane 
directed by ^, if it contains f , g{£^, W) = for any W ^ H and there exits Wq S H 
such that g{Wo, Wq) ^ 0. Then the null sectional curvature of H with respect to ^ 
and V is defined by 

(3.20) 

^ ^ ^ gp{w,w) 

Since v er{S (TM)) and ^ e F (RadTM) , we have 

K^{H) = ^[Di{v,ODi{^,v)-D,{^,OD,{v,v)] 

+e [D2{v,0D2{tv) - D2{^,0D2{v,v)] , 
By using Di{v,S,) = in the last equation we obtain 
(3.21) K^iH) ^ e[D2iv,0D2i^,v) - D2i^A)D2iv,v)]. 

Consequently, we have the following 
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Theorem 3.7. Let M be a screen conformal half-lightlike hypersurface of R2{c) 
with degenerate planar normal sections. If M is minimal, then (H) = 0. 

Example 3.1. Consider a surface M in i?| given by the equation 



1 

71 



1 



■ los 



Then TM = Span {[/i, J/a} and TM^ 



\/2 (l + (x^ - : 
V2(l + {x^ 

'2 + V2d3 



di 



— Span u} where 
(l + {x' -x'f)d3 + V2{x' 
d3-V2(x^ 



x'^) 84, 



u = 2(a;^-2;i)92 + \/2(x2-2;i)a3 + (l + (a;i-x2))54. 

By straightforward calculations we can see that RadTM is a distribution on M of 
rank 1 spanned by Hence M is a half-lightlike submanifold of R\. Choose S{TM) 
and D spanned by U2 and u, respectively where U2 is timelike and u is spacelike. 
We obtain the null canonical affine normal bundle 



Itr{TM) = span { N 



and the canonical affine normal bundle tr{TM) — Span {N, u} . Then by straight 
forward calculations we obtain 

„2^2 



^u,U2 = 2(1 



a; 



X 



. {2 (.t2 - X^) 82 + ^/2 - X^) 83 + 84} , 

= 0, VxC = VxA^ = 0, yXeT{TM). 

where V denotes the Levi-Civita connection on Then using the Gauss and 

Weingarten formulae we find 



^? 
An 

Pi (X) 

D2 ix,0 

D2 {U2,U2) 
VxC/2 









2 

2V2I 



i + {x^ -x^y 



-X^U2: 



for any X = X^^ + X'^U2 tangent to M Since Di — Q, it follows that the 
induced connection V is a metric connection. Using 



have 



g{U2,U2)^-(l + {x^^: 
D2iU2,U2)^H2g{U2,U2), H2 = - 



1 + (a;i - x^y 
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Therefore, M is a totally umbilical half- lightlike submanifold of R^- Then by straight- 
forward calculations we obtain 

D2 (e,0 = o. 

Therefore, the intersection of M and E{p,^) gives a lightlike curve j in a neigh- 
borhood of p, which is called the normal section of M at the point p in the direction 
of S,, namely 

Hence we obtain 

i" (s) A 7" (s) A 7' (s) = 0. 

3.2. Non- Degenerate Planar Normal Section in Half-Lightlike Subman- 
ifolds. 

In this subsection we investigate the conditions for a screen conformal half- 
lighthke hypersurface M of i?2 to have non-degenerate planar normal sections. 



Theorem 3.8. M be a screen conformal half-lightlike hypersurface in R\. M has 
spacelike planar normal sections if and only if 

(3.22) T{v,v) ^V^T{v,v) = Q 

where v G T{S(TM)) and T {v, v) = Ei {v, v) ^ + Di {v, v) N + D2 {v, v) u. 

Proof. Let M be a screen conformal half-lightlike submanifold and 7 a spacelike 
curve on M . Then we have 

(3.23) i{s) = V, 

(3.24) 7"(s) = \I,v^'^lv + Ei{v,v)£, + Di{v,v)N + D2{v,v)u, 
i"{s) = VlVlv + Ei{v.ylv)S,+D^{v.ylv)N + D2{v,Vlv)u 

+v {El {v, v))^ + v {Di {v, v))N + v {D2 {v, v)) u 

-El {v, v) A^v + El (v, v) ui [v) ^ + Ei (v, v) D2 {v, u 

~Di {v, v) Atqv + Di [v, v) pi {v) N + Di {v, v) p2 [v) u 

(3.25) -D2 (w, v) Auv + D2 (w, v) El (y) N 

where V* is the induced connection of A/' and 7' (s) = v, 7' (0) = v. From definition 
planar normal section and S{TM) — Sp {v} we have 

(3.26) w A V> = and i; A V* V> = 0. 

Assume that M has planar non-degenerate normal sections. Then we have 

7"' (s) A 7" (s) A 7' (s) = 0. 

Thus from ([3:261) 

El {v, v)^ + Di {v, v)N + D2 (v, v) u 
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and 



El [v, V» e + Di [v, V» N + D2 [v, V» u 

+v (El (v, v))^ + v {Di {v,v))N + v (L»2 [v, v)) u 

~Ei {v, v) Alv + El {v, v) ui {v) £,+Ei {v, v) D2 [v, ^ u 

-Di {v, v) Amv + Di {v, v) pi {v) N + Di {v, v) p2 (v) u 

-D2 [v, v) Auv + D2 (v, v) Si (v) N. 

are linearly dependent. We put 

V,Tiv,v) = Ei{v,V:v)^ + Di{v,V:v)N + D2{v,V:v)u 

+v {El {v, v))£,+v {Di {v, v))N + v {D2 {v, v)) u 

-El {v, v) Alv + El (w, v) ui {v) ^ + Ei {v, v) D2 {v, u 

-Di {v, v) Amv + Di {v, v) pi {v) N + Di {v, v) p2 (v) u 

-D2 (v, v) AuV + D2 {v, v) ei (v) N 

where 7 is assumed to be parameterized by arc-length. Thus, we obtain 

T{v,v) A^vT{v,v) =0. 

Conversely, we assume that T (w, v) A VuT (w, v) — for a spacelike tangent vector 
V of M at p. Then either Tiv,v) = or \7yT{v,v) = 0. If T{v,v) = 0, then 
from (|3.23p . (|3.24p . (|3.25p and (|3.26p . M has degenerate planar normal sections. If 
VyT{v,v) = 0, from dS^B]), we obtain 

7"' (s) A 7" (s) A 7' (s) = w A T {v, v) A V^T {v, v) = 0. 

□ 

Example 3.2. Let M be a half-lightlike hypersurface of the 4- dimensional semi- 
Riemann space of index 2, as given in examvl i3.1[ Now, for a point p in 

M and a spacelike vector U2 tangent to M at p {U2 € S(TM)), the vector U2 and 
transversal space tr{TM) to M atp determine an 2- dimensional subspace E{p, U2) 
in i?2 through p. The intersection of M and t/2) gives a spacelike curve 7 
in a neighborhood of p. Now we research half-lightlike hypersurfaces of i?| semi- 
Riemannian manifold have to condition non- degenerate planar normal sections. 
Since Hence, we obtain 



7 



= U2 = V2(l + (x^ -x^ 



di 



1 



7 = 



,{2(. 



Vu2U2^2[l + {x^ -x^ 

VuSu2U2^^U2^U2U2 + D{U2,Vu:,U2)u 

4(l + 3((a;i 



-xy)d^-V2{x^-x^)di, 



72(1 + (a;i 



4\/2 (a 



+2V2(l + 3 
(1 + {x^ - x^ 



% - 4 I 



1 + - a;2) 
Then, by direct calculations we find 

(3.27) El (C/2, U2) 

(3.28) Ei{U2,^u,U2) 



2 (x2 - xi) 82 

x^) ^3 + (1 + - x^) di 



0, 
0. 
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Thus from ()3.27p - (I3.28|) , T {U2,U2) anrf Vya^ ([/2, [^2) are linearly dependent. 
Example 3.3. Consider a surface M in R\ given by the equation 

2_ 

Xi = Xz-, X2 = [l — X4) 2 

Hence, the natural frames field on M is globally 

^ dxi 8x3 

X = + — 

X2 dx2 dx4 

Then, we obtain 

TM = Sp{^ = dxi + dx^, V ~ —xndx2 + X2dx4} 
TM^ = Sp{S, — dxi + 8x3, u — X2dx2 + XAdx2} ■ 

Therefore, we have RadTM — Sp{S^}, S{TM) — Sp{v}, S{TM^) — Sp{u] and 
ltr{TM) ^ Sp{N {dxi + 8x3)}, which show M is a half-lightlike submanifold 
of R\. Then using the Gauss and Weingarten formulae we find 

V^C = \7y^ + D2{v,Ou = -Alv + D2{v,^)u 

gi^vtv) = -9{Alv,v), 

On account of V vS, ~ 0, we have 

g{Alv,v) =0^ A^v = 0. 

Moreover, from h2. 5\) and by straightforward calculations we obtain 

VyN = -Anv + pi{v)N + p2{v)u 
g{W^N,v) = ~g{ANV,v) 
g{N,V^v) = giANV.v) 
g{N,V^v) = giANV.v) 

and 

VyV = {v[0],v[-X4],v[0],v[x2]) ^ iO,-X2,0,-X4) 

g{N,V,v) = g(^^{-l,0,l,0),{0,~x2,0,~X4)^ ^g{ANV,v)^0 

^ Anv = 

or Aj^v € RadTM . Using ^2.4^ , we have 

V„u = \7yV + Di{v,v)N + D2iv,v)u 

=^ Di{v,v)^g{VyV,^) =-g{v,V,^) 
=^ Di{v,v) ^g{Alv,v) =0 

and since Di = 0, we have Di — 0. Using by \2.4^ , we obtain 

D2 (v, v)e^g (V„w, u) = -g (v, V„u) = g {v, A^v) . 

Since 

g{^,^,v,N)^g{AuV,N)^0 
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AuV g S{TM) and by straightforward calculations we obtain 

V^ViiW = S/yS/yV + D2 {v,\7yv) u + AuV — El {u) N 
g(Vyt'yV,u) = £)2 (w, Vi,w) e = -5 (u, V„w) = 2x2X4 
g{Wy\7yV,£,) = -si{u) 

pi{v) = g{V,N,^)=-g{ANV,O^0 
P2 (f ) = eg (VyN^u) ^ -eg {Anv,u) = 
siiu) = g{^yv,^y^) = 0^ D2{v,O = 
eD2{v,v) = g {yyv,u) ^ -g{v,Auv) ^ -g{v,v) = -I. 
Let V e S(TAI) and p M . We denote subspace 

E {p, v) = {v} U tr (TM) . 

and we have 

E{p,v)nM = 7. 

where 7 is the normal section of M at p in the direction of v. Then we have 
7' (s) = V = —Xidx2 + X2dxA 

7" (s) = VtjU = V„t; + D2 {v, v)u — — 2x28x2 — 2x48x4 
7"' (s) = \7y\/yv = (2x4 + 4x2X4)9x2 + (-2x2 + 2x2X4) 8x4. 

Hence 

7"' (s)A7" (s)A7' (s) = 0, 
that is M has non- degenerate planar normal sections. 

Proposition 3.1. Let M be a half-lightlike hypersurface in R^. If M has planar 
normal sections, then 

(3.29) V> = 

where 7 is normal section in the direction z) = 7' (s) for w € F {S{TM)) . 
Proof. From v £ S{TM) we have 

(3.30) (w,w> = 1 ^ (t;, V» = 0. 

Using the definition of normal section and (|3.30p we complete the proof. □ 

Now we define a function L by 

L{p, v) = Lp [v) ^ {T(v, v),T{v, v)) 

on UpM, where Up ^ = |w e F (TM) | (t>, w)^ = l| . If L 7^ 0, then M has non- 
degenerate pointwise normal sections. By a vertex of curve 7 we mean a point p on 
7 such that its curvature n satisfies = 0. Let M has planar normal sections. 

From propositio riS. II we obtain 

eK^(s) = 2Ei{v,v)Di{v,v) + Dl{v,v)e, 

OK^ - i;(£;i(i;,i;)i?i(i;,i;))+z;(i?2(^^,«))i^2(^',«)e. 
2 ds 

If M is totally geodesic, then Di = 1)2 = 0. Thus 7 has a vertex. 
Consequently, we have the following 
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Theorem 3.9. Let M be a half- lightlike hypersurface ofR^- If M has non-degenerate 
planar normal sections and submanifold is totally geodesic at p ^ M, then normal 
section curve 7 has a vertex at p Cz M . 

Theorem 3.10. Let M he a half-lightlike hypersurface of R^- with planar normal 
sections. Then normal section curve 7 has a vertex and submanifold is totally 
geodesic if and only if M is minimal. 

Proof. If AI is totally geodesic, then from {tr \s{tm) h ~ 0) and £1 (^) — 0, we 
conclude. □ 



From theorerr l3.7l and theorerr l3.9l we give 

Theorem 3.11. Let M be a half-lightlike hypersurface in i?| (c) with planar normal 
sections. Then (H) ^ if and only if normal section curve 7 has a vertex at 
p e M where ^ G T (RadTM) 

Theorem 3.12. Let M be a half-lightlike hypersurface of R\ and the normal section 
7 at for any p be a geodesic arc on a sufficiently small neighborhood of p. Then M 
has non- degenerate planar normal sections if and only if 

h{v,v) A (Vvh) {v,v) = 

where is h (w, v) — Di (w, v) N + D2 {v, v) u. 

Proof. If normal section 7 at for any p is a geodesic arc on a sufficiently small 
neighborhood of p, we have 



7'(.) 
7"(.) 
7'"(s) 



Di {v,v)N + D2 {v,v)u 
v{Di (w, v))N + v{D2 (w, v))u 
-Di {v, v) Anv + Di {v, v) pi (v) N 
+£>i (w, v) P2 {v) u- D2 {v, v) AuV 
+D2 {v,v)ei {v)N. 
Since 7 is a planar curve then we get 



V A {Di (w, v)N + D2 {v, v) u) A 



V 



v{Di {v,v))N + v{D2 {v,v))u 
-Di {v, v) Anv + Di {v, v) pi (v) N 
+Di (v, v) p2 (v) u- D2 {v, v) AuV 
+D2 {v,v)ei {v)N 

Therefore, by taking the covariant derivative of 

h (w, v) = Di {v, v)N + D2 {v, v) u, 

we obtain 

(V,/i) = V,ft(w,w) -7"'(s). 

which gives 

7"' (s) A 7" (s) A 7' (s) = u A {v, v) A (V„/i) (w, v) = 0. 
From the last equation above, we have 

h{v,v) A iVvh) {v,v) = 0. 



= 0. 
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Conversely, we assume that h {v, v) A (Vt,/i) {v, v) = 0. In this ease, we have either 
h {v, v) — or (Vt,/i) (v, v) = 0. If /i {v, v) — 0, we have Di {v, v) — and D2 {v, v) — 
0. In this way, we get 

^ 5(V5f,0 =-5(A^,0+£i(0 

- £l(0 

which shows that M is minimal and has planar normal sections. On the other 
hand if (Vy/i) {v, v) = 0, from {\7yh) {v, v) = \7yh {v, v) — 7"' (s) — 0, we obtain 

7"' is) A 7" is) A 7' {s) = 0, 
that is M has non-degenerate planar normal sections. □ 

We also have the following result 

Theorem 3.13. Let M he a half-lightlike hypersurface in i?| and the normal section 
7 at for any p be a geodesic arc on a sufficiently small neighborhood of p. Then the 
following statements are equivalent; 

(1) iV,h)iv,v)^0, 

(2) V/i = 0, 

(3) M has non degenerate planar normal sections of p ^ M and 7 has vertex 
point at p Cz Af , 

(4) = in S{TM). 

Proof. For curvature k at p point of 7, we have 

eK^s) = (7"(s),7"(s)) 

- Dl{v,v)e 

1 dK'^(t] 

(3.31) 0'^^ = v{D2{v,v))D2{v,v)e 

2 ds 

and from en^ (s) — (7" (s) , 7" (s)) 
1 dn'^is) 



2 ds 



(7"' (5), 7" (5)) 
= {{Vyh){v,v),h{v,v)) 
(3.32) = 0. 

Hence, from (I3.3ip and (I3.32p . we obtain D2 {v,v) = 0. From here, we complete 
the proof. □ 
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